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Abstract
We examine quantum properties of topological black holes which are asymp-
totically anti{de Sitter. First, massless scalar elds and Weyl spinors which
propagate in the background of an anti{de Sitter black hole are considered in
an exactly soluble two{dimensional toy model. The Boulware{, Unruh{, and
Hartle{Hawking vacua are dened. The latter results to coincide with the Un-
ruh vacuum due to the boundary conditions necessary in asymptotically adS
spacetimes. We show that the Hartle{Hawking vacuum represents a thermal
equilibrium state with the temperature found in the Euclidean formulation.
The renormalized stress tensor for this quantum state is well{dened every-
where, in particular on the future and past horizon, whereas for the Boulware
state it diverges on both horizons. The four{dimensional case is nally con-
sidered, the equilibrium states are discussed and a luminosity formula for the
black hole is obtained. Since spacelike innity in anti{de Sitter space acts
like a mirror, it is pointed out how this would imply information loss in grav-
itational collapse. The black hole's mass spectrum according to Bekenstein's











Since the discovery of black holes whose event horizons have nontrivial topology [1{4]
there has been much research activity in this area. Charged versions of these black holes
were presented in [2,4], and also rotating generalizations are known [5,6]. Moreover, they
also exist in dilaton gravity [7]. Mann [8] and Lemos [9] showed that topological black holes
can form by gravitational collapse. Finally, from a thermodynamical point of view, they are
well{behaved objects obeying the entropy{area law [3,10].
In this paper we want to investigate questions such as particle production by the black
holes, and their equilibrium state, the Israel{Hartle{Hawking quantum state familiar in the
Schwarzschild case [11{14]. As the local temperature of the black holes is zero at innity
due to a diverging lapse function (innite redshift), it is possible that there is no net ux of
radiated particles at innity, and that therefore no Unruh{like states exist.
We will show that this is indeed the case, and that one can dene equilibrium thermal
states. Part of the interest in doing so is one important feature that distinguishes anti{de
Sitter from asymptotically at black holes, namely the asymptotic behaviour at innity. The
timelike character of the boundary of the space manifests itself in the black hole spacetime
by making the exterior static region non{globally hyperbolic. This is remedied by imposing
boundary conditions at spacelike innity [15,16], to prevent radiation from escaping out. As
a result, the particles emitted by the black hole will be ultimately recaptured back and the
black hole evolution will not be complete evaporation. Hence one suspects that the nal
state should be a thermal equilibrium state, implying a maximum of information loss.
In fact, one can imagine a pure state collapsing in anti{de Sitter space to end into a mixture
with the largest entropy available. Of course, this is due to innity in anti{de Sitter acting
like a boundary, which seems a rather articial situation. However, it is an important matter
of principle showing that gravity can imply information loss, since now there is no point for
the information to return, apart from the existence of white holes [17].
Another point of interest is the discrete quantization of the one{particle energies in anti{de
Sitter space. When a black hole is present, this is no longer true and a continuous spectrum
appears. The density of states is then blue shifted to innity near the horizon, so one cannot
explain the black hole entropy as resulting from entangled states, without invoking a short
distance cut{o [18] (see [19,20] for recent reviews).
Finally, there is the question of the black hole mass spectrum in the spirit of Beken-





, which seems to be dicult to conciliate with string theory. However, recently
the entropy of three{ and ve{dimensional anti{de Sitter black holes has been explained by
string theory [23]. Even more interesting is the agreement between entropy and the degen-
eracy of states in a conformal eld theory [24,25] realizing the asymptotic symmetries of
three{dimensional anti{de Sitter gravity [26]. These important new developments may have
an impact on the more dicult four{dimensional case.
The rest of the paper is structured as follows:
We begin in section (II) by presenting the geometry of the problem.
In section (III) we consider massless scalar elds and Weyl spinors propagating in a two{
dimensional black hole background. The Boulware{, Unruh{, and Hartle{Hawking vacua are
dened. We then calculate the renormalized stress tensor for the three states and show that
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in the Hartle{Hawking case it indeed describes a thermal equilibrium state. Furthermore
we will see that, unlike the Schwarzschild black hole, the Unruh{ and the Hartle{Hawking
states coincide, and that this can be traced back to the boundary conditions which have to
be imposed at innity, as our spacetime fails to be globally hyperbolic. Though the absence
of a true Unruh state in its original meaning, we show that a black hole luminosity can
be dened in a certain sense, and calculate it using the Bogoljubov coecients relating the
Unruh{ and the Boulware vacuum.
In section (IV) we consider the more complicated four{dimensional case, in which backscat-
tering is present. We argue that the most likely nal state is a thermal Israel{Hartle{
Hawking state. This implies information loss.
In section (V) we address the question of the mass spectrum from the simple perspective of
Bekenstein{Mukhanov arguments. We discuss this spectrum from the Susskind{Horowitz{
Polchinski point of view and we point out the diculty to explain the black hole entropy
with it, at least naively. At last, our results will be summarized and discussed in section
(VI).
In this paper we shall use the curvature conventions of Hawking{Ellis' book [28] and employ
Planck's dimensionless units.
II. SPACETIME GEOMETRY
















is the metric of a constant curvature Riemann surface with genus g, denoted S
g
.









+ 2Redx dy Im  > 0; (2)
where (x; y) ranges over the closed unit square [0; 1] [0; 1]. The element  is known as the
Teichmuller parameter of the torus. The lapse V (r) is given by











where  =  3`
 2
is the cosmological constant and the parameter  is related to the mass
M of the black hole by M = (+ `=3
p
3)(g  1)  0, for g > 1, and by M = j Im  j=4  0
for g = 1 [3]. The positivity condition for the mass means that the solutions have a black

























for g > 1 and g = 1 respectively. Let us restrict our considerations to the case g = 1,
i. e. to the torus. The generalization to g > 1 can be done in a straightforward way. For our
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subsequent discussion it will be convenient to introduce several other coordinate systems.





















































is the location of the event horizon and the integration constant is
chosen so that r

! 0 for r !1. Then introduce retarded/advanced null coordinates u; v
according to
u = t  r

; v = t+ r

: (6)
In these coordinates the line element reads
ds
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Finally, Kruskal coordinates U; V are dened by
U =   exp( u); V = exp(v); (8)













which is regular on the horizon. Figure 1 shows the conformal diagram of the spacetime.
It is an important fact that the solutions so far discussed may appear as a result of gravita-
tional collapse of a conguration of pressureless dust [8]. The exterior metric matches with
an interior Robertson{Walker spacetime, and complete collapse occurs in a nite amount of
co{moving time. The fact that the exterior metric is given by (1) at all times results from
a generalization of Birkho's theorem [27].
III. THE TWO{DIMENSIONAL CASE




in (1), i. e. we limit the cal-
culations to the toroidal analogue of the spherical s{wave sector. This restriction "does not
throw out the baby with the water", as expressed A. Strominger [29]. Indeed, we shall see
that most of the essential features are present in this model. In two dimensions, there is no
backscattering, the metric is conformally at, and the Klein{Gordon or the Weyl equation
can be solved exactly.
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A. Propagation of Massless Scalar Particles
Since the metric is conformally at, the Klein{Gordon equation for a massless eld  is











which has the general solution
(u; v) = f(u) + g(v)
or (U; V ) = F (U) +G(V ): (11)
f; g; F;G are arbitrary functions. Now in the Unruh model [30] of an evaporating







/ exp( i!u), which means that we have neither particles incoming
from past innity nor particles outgoing to future innity in the corresponding vacuum







/ exp( i!V ), i. e. the Hartle{Hawking vacuum does not contain Kruskal particles
emerging from the white hole horizon H
 
or crossing the future horizon H
+
. Finally, Unruh
modes are given by '
U
in
/ exp( i!U) and '^
U
in
/ exp( i!v). Now this procedure is no more
possible in the case of topological black holes. The Penrose diagram in gure 1 shows that
the spacetime is not globally hyperbolic; in order to obtain a well{posed Cauchy problem we
have to impose boundary conditions at innity. There are three natural choices of boundary













= 0 (Robin) (12)
Here n denotes the unit normal to the surface r = 1, and K is a function which will be
given below. Obviously the above{dened functions for the Schwarzschild case do not full









where the minus (plus) sign corresponds to Dirichlet (Neumann) boundary conditions. For





















with k 2 IR. Here the function K is simply a constant which equals  k. The limit cases
k = 0 (k !1) represent Neumann (Dirichlet) boundary conditions. The modes (13), (14)














where  is a spacelike hypersurface with unit normal n
a
, and dx is the induced volume








) = (!   !
0
): (16)

















The Boulware vacuum jBi is now determined by
b
!
jBi = 0: (18)








(exp( i!U) exp(i!=V )); (19)
the +/- again denoting Neumann/Dirichlet boundary conditions respectively. For Robin





















with k 2 IR and K(U) = kU . The modes (19), (20) resemble the solutions of the moving
mirror problem (see e. g. [31,32]). Indeed, the innity UV =  1 can be viewed as a moving
mirror V = V (U) =  1=U , and a positive frequency wave e
 i!U
outgoing from the past





On the past horizon V = 0 only the rst summand of (19) survives, since the second oscillates
innitely fast, and hence does not give any contribution if one constructs wave packets. The








) = (!   !
0
): (21)
One can also expand the eld in terms of Unruh modes
















Finally we dene the Unruh vacuum jUi by
a
!
jUi = 0: (23)
Obviously jUi does not contain particles emerging from the past horizon. Last, Hartle{








(exp( i!V ) exp(i!=U)): (24)
For Robin boundary conditions we take an expression corresponding to (20). If one con-
structs wave packets, only the rst term of (24) gives a contribution on the future horizon
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U = 0. The Hartle{Hawking vacuum jHi is dened by the usual procedure, analogous to the
two preceding cases. jHi does not contain particles crossing the future horizon, but there
are also no particles emerging from the white hole, as we shall see later by investigating the
renormalized stress tensor.
Note that in contrast to two{dimensional adS space, where the spectrum is discrete [16,33],
in our case we have a continuous frequency spectrum. This will also hold true in four
dimensions (see section IV). It should not be surprising, because our spacetime is only
asymptotically locally adS, and one boundary condition at UV =  1 clearly does not cause
a discrete spectrum.
B. Weyl Fermions
Let us now devote attention to Weyl fermions propagating in the black hole background.
This case presents no particular diculties, but there are also signicant dierences. The
Weyl equation in a two{dimensional curved spacetime enjoys the conformal invariance on the




deserving the latin indices i; j; k; :: to denote local Lorentz tensors and a; b; c; :: to denote
coordinate tensor components, and the two{dimensional Dirac matrices 
i
. Then given a
pair (g
ab



















, will also satisfy the Weyl equation in the
metric ~g
ab
. In both coordinate systems we have employed so far, the retarded/advanced
system (u; v) and the Kruskal system (U; V ), the metric is conformal to a at one of the
form du dv or dU dV . The Weyl equation for such at metrics splits into a pair of decoupled











= 0 (u; v)  system; (26)
with identical equations in the (U; V )-system. In string terminology,  
+
is left moving and
 
 
is right moving. The spinor in spacetime can now be obtained multiplying the at  

with the respective conformal factors.
Normalizable, positive frequency solutions of (26) in the interval r

















There is no question to impose Dirichlet or other boundary conditions here, because the
Weyl equations x a unique form to the positive frequency modes. Indeed, that Dirichlet
boundary conditions on the Dirac equation lead to inconsistencies has long been known, as
a consequence of the rst order character of the equation. Note however that for the given
solutions, the component of the conserved Dirac current along the normal to the boundary




 evaluated at r

= 0, vanishes identically. This is a much
more weaker boundary condition than Dirichlet or Neumann, allowing to nd non{trivial
solutions. In the Kruskal frame, we take advantage from the fact that both horizons are
7
Cauchy surfaces for Weyl spinors in anti-de Sitter space. The normalization measure is
(U)
 1
dU along the past sheet of the horizon, and (V
 1





















We shall use these to compute the relevant Bogoljubov coecients in the next but one
section.
C. Stress Tensor

















for the Unruh{, the Hartle{Hawking{, and the Boulware vacuum state (see [34] for a readable
account). Now, it is well known [35] that (29) is mathematically ill{dened, involving
products of two distributions on spacetime. Therefore some kind of regularization procedure
is needed, e. g. a point{splitting method. We follow here the lines of Davies and Fulling [36],
who presented in detail the renormalization theory of the stress tensor of a two{dimensional
massless scalar eld, including boundary conditions. They consider the line element
ds
2
= c(u; v)dudv; (30)






















where R is the scalar curvature of the manifold, which gives rise to the conformal anomaly,
and 
ab




























In the following we omit the brackets for the expectation value of T
ab
. Using (32), one
































In order to examine whether T
ab
is well{dened everywhere or not, we have to express it in



































diverges on the future horizon, whereas T
B
V V
diverges on the past horizon.






















































This behaviour is similar to that of the stress tensor in the Boulware state for the




in four dimensions, our
exponent  1 instead of  2 stems from the reduction to two dimensions.






























This represents the Casimir energy of the state, resulting from the boundary conditions at
innity. The "would be" divergence for r ! 1 (i. e. on the boundary) is a well{known
behaviour of the Casimir energy, but here it is cancelled by the growing of the lapse at
innity. Later we shall see that in the HH state there is an additional term in the expression
for , coming from black hole radiation.
Let us now focus our attention on the Hartle{Hawking state. First of all, note that the
formulas given in [36] for the renormalized stress tensor are only valid for time{independent
boundary conditions with respect to T :=
1
2
(V + U). This is not the case here. Therefore
we must introduce new coordinates

V = V ,

U =  1=U . In these coordinates the boundary










































where we have dened






















, cancelling the divergence of the pref-
actor, therefore T
HH
is well{dened everywhere. Furthermore, the V {component of the
energy current four{vector J
a





















. Therefore jHi does not contain Kruskal particles emerging from the white
hole, as already pointed out in the previous section.







, is now given by















Again we meet the Casimir energy  1=24`
2
, but now there is an additional term. It is














which yields exactly 
2
=24. (1=2 is the density of states in one spatial dimension, and the
additional factor 2 has to be included, because we have left{ and right{moving waves). The
factor V (r)
 1
is the usual Tolman red{shift of the local temperature, making the energy
density vanishingly small at innity.
We now want to show that jHi describes a thermal equilibrium state. To this aim, we
calculate the net null ux through a surface r = const. The energy current four{vector J
a
,
measured by an observer at constant r with four{velocity v
a





















denotes the unit normal to the surface, and dS is the induced "volume" element.




is zero, hence the incoming null
ux through the constant r surface equals the outgoing, and jHi represents indeed a thermal
equilibrium state with the Hawking temperature.
For the Unruh vacuum we nd a stress tensor identical to that of the Hartle{Hawking state.
This suggests that in our case these two states coincide. Indeed, the Unruh modes (19) can
be obtained from the HH modes (24) by interchanging U and V . This is an isometry of the
metric (1), because it leaves r invariant and maps t to  t. Due to the reective boundary
conditions we were compelled to impose (for all three choices in (12) the component of the
Klein{Gordon current normal to the boundary at innity vanishes), no Unruh state like in
the Schwarzschild case can be dened, as all the Hawking radiation emitted by the black
hole is reected at innity and travels back to the future horizon. Therefore necessarily a
thermal equilibrium state results, and jUi coincides with jHi.
D. Black Hole Temperature and Luminosity
First of all, let us remark that in principle the denition of a luminosity makes only
sense if there exists an Unruh state. As in the case under consideration the Unruh state
also describes thermal equilibrium, i. e. the black hole absorbs the same amount of radiation
as it emits, the net luminosity is zero. Nevertheless we can calculate the emitted radiation
(which, of course, is reected at the boundary), and call this the luminosity of the black
hole. To this end, we have to nd the Bogoljubov transformation relating Unruh modes to


















































































































































zero rest mass particles owing near innity per unit time in the frequency range between !
and !+ d!. As already pointed out, the radiation is reected at innity, so the net particle
ux is zero. >From (51) we also infer that the radiation temperature of the black hole is
T = =2, in accordance with the temperature found in the Euclidean formulation [3,10].
Note that, in order to obtain the "luminosity", it would have been sucient to calculate the
Bogoljubov coecients relating an outgoing mode exp( i!U) to the modes exp( i!u). This
yields the same Bogoljubov coecients as above, which can be understood as follows: The
monochromatic components exp(i!u) in the expansion of the outgoing mode exp( i!U)
are reected at the boundary, becoming ingoing modes exp(i!v). These give the expansion
of the reected wave in Kruskal coordinates, namely of exp(i!=V ).
At this point one may ask how it is possible to assign the outgoing ux only to the modes
exp( i!U), and the reected one only to exp(i!=V ). This is a legitimate question, in view of
the stress tensor being quadratic in . However, the energy current four{vector J measured



























and one can show that only the modes exp( i!U) contribute to T
uu





is completely xed by the manifold via the conformal anomaly,
it is independent of the modes. Therefore the outgoing null ux J
v
is determined by the
modes exp( i!U) only, whereas the reected (ingoing) ux is determined exclusively by the
exp( i!=V ).











































IV. GENERALIZATION TO FOUR DIMENSIONS
We now consider the full metric (1) and recall some results about the family of black holes
it describes. We will not specify a particular horizon metric for g > 1 (which depends on the
6g 6 moduli of a Riemann surface), since its precise form is not important in what follows.




denotes the upper complex half
plane), and the torus at metric is given by Eq. (2) in terms of its Teichmuller parameter
 2 H
+
. Any Two such parameters related by SL(2; Z) fractional linear transformations
describe conformally equivalent tori.
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The metric (1) can be continued to imaginary values of the Killing time (T = it) as a














where we recall that  =  3=`
2
and











and r > r
+
is required for this to be of positive signature. Close to the horizon V (r) =
2(r   r
+
), where  is the surface gravity, and the near horizon geometry is described in
terms of proper distance, s
2
= 2(r   r
+





















, so this xes the
black hole's temperature. The zero temperature state has  = 0 and is a naked singularity




), while the positive temperature states above it have
positive mass. The member of the family with massM = `(g 1)=
p
27 has parameter  = 0
and is the quotient of anti{de Sitter space by a discrete subgroup of its isometry group [1],
in particular it is a space of constant curvature.
Along with the metric, one can analytically continue the wave equation. This then gives
an elliptic operator with non{singular coecients and positive spectrum. The Schwinger
function is the symmetric two{point function which decays to zero at innity, it is regular at
the origin and solves the Euclidean wave equation. As for the metric, regularity at the origin
(the horizon in the Lorentzian sector) demands that the Schwinger function be periodic in
T with period 
+
. The analytically continued function in real time will then be periodic
in imaginary time and regular all over the event horizon. The quantum state to which
it corresponds is the equilibrium Israel{Hartle{Hawking state, and describes a topological
black hole in thermal equilibrium with black body radiation at the Hawking temperature.
Later we shall discuss this state from a proper quantum eld theory approach.
The contribution of the black hole to the partition function is lnZ =  I
E
, the on{shell value
of the Euclidean action of the black hole [38]. The Euclidean action can also be evaluated
o{shell ( 6= 
+







where A is the area of the event horizon. Since M and  are here independent variables,
this quickly leads to an entropy S = A=4 which, when expressed as a function of the mass,
has the large mass behaviour S ' CM
2=3
. This means that the density of states grows
as exp(CM
2=3
), so the partition function will converge. This is not a special feature of
topological black holes, but also holds for the genus-0 anti{de Sitter black hole [39] and is
related to a negative cosmological constant rather than to topology.
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A. The Israel{Hartle{Hawking State and Particle Production















R = 0: (59)









































where the potential barrier is given by
P

















and the scalar curvature is R =  12`
 2
. This term precisely cancels the divergent (as / r
2
at innity) anti{de Sitter gravitational potential, which is why conformal scalar emission
will be greater than that of minimally coupled scalars. For these the barrier is parabolic






, and the modes behave like Bessel functions at
innity.
Let us consider the eigenvalue equation (61). On a general Riemann surface there are com-
paratively little informations on the eigenvalues 
j
, except that they are nitely degenerate
and form an unbounded increasing sequence. For the torus we have instead an exact formula
for all the eigenvalues and, at least for  = i (symmetric torus), for the respective degen-
eracies. Indeed, solutions of (61) must be automorphic functions under the identication
group
x ' x+ n n 2 Z (63)
y ' y +m m 2 Z: (64)


























For arbitrary values of the Teichmuller parameter  the degeneracy g

is dicult (if not
impossible) to calculate. For  = i however, g
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, and (d) is dened by
(d) =
(





; 2 j6 d:
(69)
























and this case we shall study with some detail. We recall that  is related to the mass
(M > 0) or the horizon radius (r
+















!  1, i. e. on the horizon). There is a maximum of P
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. The potential curve is shown in gure 2.
A set of Boulware modes, normalized to (!  !
0





















































(!) are the reection{ and the transmission
coecients of the potential barrier, respectively. The phase of R

is then twice the phase
of T

, as a consequence of the boundary condition. These phase shifts have no singularities
in the lower half complex !{plane, because the potential admits no bound states. For 


imaginary, the mode at innity acquires an additional phase i. This is a Dirichlet set,
but a Neumann set can also be dened by replacing the sine function with a cosine. These
modes appear to emerge from the past horizon in the eternal black hole spacetime.




(!) are not related by current conservation, due to the
boundary conditions. However, they can be related to the coecients describing scattering




















(!) respectively, and the ingoing coecients with left


















































































(!)), so all the emitted radiation
is ultimately reected back into the black hole. In fact an eternal black hole can only exist
in a thermal equilibrium state.
To introduce this equilibrium state, we will nd the solutions of the wave equation that are
positive frequency along one sheet of the event horizon, with respect to its canonical ane
parameter.
We dene the Hartle{Hawking modes to be solutions of the wave equation which obey
Dirichlet boundary conditions at innity and are positive frequency on the past horizon
H
 





































where p = (u; v; x; y) belongs to the outer region. The boundary conditions at innity are
then automatically satised. By denition, on the past horizon H
!




















































































On the future horizon H
+
, we now claim that H
!
(p) is a superposition of positive frequency
solutions with respect to the canonical ane parameter V of the future horizon. In fact,







































where now the phase shifts do give a contribution to the mode.


















We are now in position to prove our claim. One may recast (81) in the form of a single
integral over the real line, as the pole in !
0















=  in for n  0 and integer. As the potential barrier has no bound states,




) have no poles for Im!
0
< 0. By analytic continuation arguments, the









by summing over the residues
(omitting the pole in 0) and putting 














; p 2 H
+
: (82)
The "1" above is the relict of exp( i!U) along H
+
(which is the set U = 0) and, apart from
it, the function H
!
(p) is analytic for ImV < 0, so its Fourier expansion must contain only
positive frequencies (it is actually a superposition of Bessel functions of order zero).
We have obtained a very interesting result. We started with a function like exp( i!U)
along H
 





, which is a superposition of positive frequency V -modes. This means
that the state dened by the modes H
!
is a true vacuum for particles dened in the
Kruskal time, T = (U + V )=2, and therefore in particular it is an equilibrium state. This is
















it is dened by A
!
jHi = 0. When analyzed in terms of Boulware modes, however, we will
nd it to contain a thermal distribution of particles with the black hole's temperature.
From the above it also follows that we could have dened the Hartle{Hawking modes to be
positive frequency along the future horizon with respect to V (which would be the usual
17
denition for asymptotically at black holes). In this case we would have ended with modes
which are positive frequency along the past horizon in the time U , and therefore we would
not have changed the denition of the state.
We see then that there is no Unruh state, since modes which are positive frequency relative
to U alongH
 
and obey Dirichlet boundary conditions at innity, are also positive frequency
along H
+
in the time V .
From Eq. (80) and the expansion (78), we can easily determine the mean occupation number
near innity, for Boulware particles with energy ! (i. e. for particles dened by the static














is the degeneracy of . To nd the energy density from this is slightly non{trivial,
as one would use the density of states and then sum over the degeneracy g

. We will present
a calculation of this kind when discussing particle production by the black hole, using Weyl's
asymptotic formula.
Of course, in a thermal equilibrium state there will be no net ux of particles from the black
hole. However, for a black hole that formed from gravitational collapse [8], the thermal
equilibrium state will settle down only asymptotically at large times, for the black hole will
start to radiate only near and after the formation of the event horizon. If the universe is
large enough, there will be a long time before innity scatters the radiation back, and during
this time there will be a net outgoing ux. With this in mind, we now want to calculate the
black hole luminosity, i.e. that part of the total ux which is outgoing to innity. To this












The reason for considering this is that to an external stationary observer, the collapse
approach of the dust surface to the event horizon is exponentially fast in retarded time (this
easily follows from the fact that the exterior metric is static all the time and equals the






Thus the waves emitted from the surface of the dust appear enormously red{shifted with
a continuously varying frequency of the form ! exp( u), which is just the phase of the
















































































have oscillatory character when they arrive at innity, the others are damped exponentially.
(The fact that in adS space the ratio of angular momentum and energy is limited above, is
well{known, see e. g. [15]). Having noted this, it is an easy matter to nd the Bogoljubov

























































































where T = =2. As (0) = T=2 for large time T , from this we conclude that the luminosity































As usual, the spectrum is not precisely planckian due to the presence of the grey body factor;
however, it is only for large ! that it approaches a form similar to that for the asymptotically

























= 1    

(!) of the emitted particles can not reach







reection coecient for ingoing waves).
We may estimate L in the geometrical optics approximation, i. e. in the high frequency







) holds. In this case the transmission coecient is proportional to






















From Eq. (73), there is a 
max
for which the inequality is true, which can be estimated to
be 
max










, for otherwise the
inequality is violated for small . Finally, we have to sum over  in (90), at rst sight
a dicult task to perform since the degeneracy g

, where known, is a rather complicated
expression. However, for compact manifolds there is the general Weyl's asymptotic formula
















For a genus g > 1 black hole, Im  should be replaced by 4(g 1). Using this we get for large

max
(which is fullled for ! suciently large, i. e. in the geometrical optics approximation)
the estimate
L =











































Writing L =  dM=dt, and inserting the M{dependence T / M
1=3
, one derives an innite
lifetime for the toroidal black hole, in contrast to the Schwarzschild case. (Of course, this
is valid only in the semiclassical limit. When the black hole mass approaches the Planck
mass, quantum gravity eects will occur). Therefore, if the universe is not too large to allow
the black hole reaching the Planck mass before the radiation is reected back, then, sooner
or later, the black hole must start to grow until it reaches the temperature of the reected
radiation again. At this point the black hole should settle down to an equilibrium thermal
state with a large entropy. In fact we have seen that a wave like (85) in a stationary anti-de
Sitter black hole, will propagate so as to become a positive frequency, ingoing wave on the
future horizon relative to its canonical ane parameter. This is the behaviour that marks
the appearance of the thermal equilibrium state and it means that an ingoing ux of energy
enters the black hole and balances the emitted, outgoing ux.
Inspecting (95) we observe that, if we consider the black hole as a black body radiating
with the Hawking temperature, the area A entering Stefan's law L / AT
4
is not the area of
the event horizon, but an area determined by `
2
, i. e. by the cosmological constant! This is
another intriguing feature of topological black holes, dierent from asymptotically at cases.
That behaviour can be understood already at a classical level, by examining null geodesics
in the black hole spacetime. We shall do this in the following. Using the fact that to every




















where the dot denotes the derivative with respect to an ane parameter. V (r) is the square



















respectively. (For the Schwarzschild black
hole, L belongs to @

). Now the potential in (97) is given by
20



































at r = 3M , and then falls o to zero at innity. Hence a
particle coming from innity is captured by the black hole, if its "energy" E
2
=2 exceeds the
potential maximum. This means that the apparent impact parameter b  L=E must be
smaller then
p






for the Schwarzschild geometry. Thus a Schwarzschild black hole absorbs like a black body
with area 27M
2
, a number directly proportional to the horizon area. For the toroidal black
hole, however, the situation is dierent. The potential P (r) is also zero at the horizon, but




at innity. Therefore every






, i. e. b < `, travelling towards the black
hole, is captured. This gives an absorption cross section  = `
2
, i. e. a toroidal black hole
absorbs like a black body with area `
2
, not like a black body with the event horizon area.
Of course, quantum mechanically there arises a local maximum in the potential (see gure
2), but this does not alter the situation essentially.
V. BLACK HOLE SPECTRUM AND STRING STATES
We have seen that an isolated black hole in anti{de Sitter space will ultimately settle
down to a thermal equilibrium state with the Hawking temperature T = =2 and some
mass M . Such a black hole contributes to the total entropy its own entropy, S
bh
= A=4. For
a large mass black hole, the entropy and temperature depend on the mass as
S = aM
2=3
; T = bM
1=3
; (100)
with a and b computable constants (the two formulas are exact for the toroidal black hole,
but only asymptotically correct for higher genus black holes and for g = 0, which is the
spherical anti{de Sitter black hole studied by Hawking{Page [39]). Hence the degeneracy of






According to [45], the same phenomenon occurs for strings in anti{de Sitter space where the
level density at very large masses is (`
 2






We now want to understand the black hole result by assuming a certain discrete spectrum for
the black hole mass, with a certain degeneracy, and computing the corresponding partition
function. The adiabatic invariant argument of Bekenstein would work in this case also, and
suggests an area spectrum A
n
= n, with  a number of order one [21,22] (this result has
21
been obtained also in loop quantum gravity [43] and the membrane approach [44], for large















n for large n [45]. The degeneracy











We shall evaluate this quantity for large masses, i.e. small , by using the steepest descent











With f(t) = ln d(t)   t
3=2
, the stationary point t
0









) > 0 we obtain the partition function

































). The partition function can also be computed in Euclidean quantum









This is exact for the toroidal black hole and valid approximatively for higher genus or
spherical black holes. Comparing the two partition functions requires d
0
=d = G, G being a
constant, for a wide range of masses. In other words, d(n) = G
n
asymptotically for large n,




) to match with the (robust) Euclidean result.
The obtained mass spectrum seems to be dicult to reconcile with string theory, even in
anti{de Sitter space where M ' `
 1




n). On the other hand, the degeneracy of string states grows as exp
p
n (as in
at space), and therefore it is not obvious how the Susskind{Horowitz{Polchinski argument
[46,47] should work. According to this argument, the black hole description breaks down
when the horizon is of order the string scale, and the black hole becomes a highly excited









, and the mass of a string state












is the string scale. The Newton




, where g is the string coupling constant. Requiring the two masses to































which disagrees with the string entropy S '
p
n. This argument should be regarded as
a very naive one. Strings in adS are not as well understood as in at space and the mass
formula is very complicated. For example, there is a regime where the mass{to{level relation
is as in at space if `=`
s
 1. On the other hand, the cosmological constant is not a
completely free parameter if string theory is to be anomaly free [48]. In view of these facts,
the correspondence principle of Horowitz and Polchinski can not be rejected on the above
basis, but it remains to see how exactly it works.
VI. SUMMARY AND DISCUSSION
We have discussed quantum aspects of elds in the background of anti{de Sitter black
holes. All the properties of them which are expected from the classical laws to the Euclidean
approach are conrmed.
However, also new features emerge, which are related to the special asymptotic behaviour of
anti{de Sitter space. Most surprising is the area dependence of the radiation formula (95),
which is not determined by the area of the horizon. We also hope to have made clear that
no Unruh{like states exist for eternal black holes.
In contrast, a black hole formed by collapse will radiate away its mass for a while after
formation, until innity will reect it back. The black hole's temperature will then rise
again up to the radiation temperature. At this point it should settle down to an equilibrium
state at a certain Hawking temperature. Although we did not made eorts to compute the
actual black hole evolution, this is a very reasonable picture, because anti{de Sitter space
does not permit radiation to disperse to innity. But then we have another version of the
information loss paradox, because if the black hole does not completely evaporate there is
no point for information to return.
The thermodynamical properties of anti{de Sitter black holes also lead to a peculiar mass
spectrum, according to Bekenstein's view of the quantum structure of a black hole. This we
have briey discussed in relation to string theory, too. We think there is no simple way to
understand the string{black hole correspondence principle in adS space, but we regard the
question as unsettled for the time being, the point being that strings in adS behave very
dierently than in at space.
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FIG. 2. Potential barrier for a massless scalar particle in the toroidal black hole spacetime
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